We study continuous embeddings of the long line L into L n (n ≥ 2) up to ambient isotopy of L n . We define the direction of an embedding and show that it is (almost) a complete invariant in the case n = 2 for continuous embeddings, and in the case n ≥ 4 for differentiable ones. Finally, we prove that the classification of smooth embeddings L → L 3 is equivalent to the classification of classical oriented knots.
Introduction
Consider the following general problem:
Given finite dimensional manifolds X, Y , classify the embeddings X → Y up to ambient isotopy of Y .
(⋆)
An instance of this problem is classical knot theory, where X = S 1 , Y = S 3 and the embeddings are assumed smooth (or PL). Another instance is higher dimensional knot theory, where X = S k and Y = S n . These fields have been very popular among mathematicians for over a century; there is a considerable litterature about the classification of (topological, differentiable or PL) embeddings from a k-sphere to an n-sphere.
On the other hand, the study of this problem for non-metrizable manifolds remains to be done. Even the study of homotopy and isotopy classes of maps of non-metrizable manifolds seems to be at its very beginning. To our knowledge, David Gauld [2] was the first ever to publish a paper on the subject (see also [1] ). He investigated homotopy classes of maps of the long line L (and of the long ray R) into itself (see Definition 1.1 below), showing that there are exactly 2 such classes for the long ray, and 9 for the long line. He also proved that all embeddings R → R are isotopic, and that there are 2 isotopy classes of embeddings L → L. These results provide a solution to Problem (⋆) for X = Y = R, L.
In this paper, we investigate Problem (⋆) with X = L, Y = L n and X = R, Y = R n . We introduce a numerical invariant of embeddings R → R n or L → L n called the direction, see Definition 3.1 and Theorem 3.2. Roughly speaking, two knots (that is, two embeddings) have the same direction if for all 1 ≤ i ≤ n, their projections on the i-th coordinate are either both cofinal or both bounded.
Our first results are that the direction is (almost) a complete invariant in the cases n = 2 for continuous embeddings (Theorems 3.3 and 3.5) and n ≥ 4 for smooth embeddings (Theorem 3.6 and 3.7). It follows that for these n, there are exactly 2 n − 1 long ray knots and (3 n − 1) 2 + (n − 2)2 n−1 long line knots (in the classes specified above). We also prove that there are 7 smooth knots R → R 3 (Theorem 3.8). Finally, our last result shows that the classification of differentiable embeddings L → L 3 reduces to classical oriented knot theory (see Proposition 3.12 and Theorem 3.13).
The paper is organized as follows: Section 1 deals with the definition of some basic objects, such as the long ray R, the long line L, and the equivalence relation for knots. In Section 2, we prove several technical lemmas (mainly partition and covering properties) that are used in Section 3, which contains all the main results.
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Definitions
For any ordinal α, let us denote by W (α) the set of ordinals strictly smaller than α. We will often identify α ∈ W (ω 1 ) with (α, 0) ∈ R and similarly for L. Recall that R and L are non-metrizable, non-contractible and sequentially compact. Also, L and R can be given a structure of oriented C ∞ manifold. We will assume throughout the text that we are given a fixed maximal atlas {U j , ψ j } on L (and on R) with U j ∋ 0 for all j. The atlas on L n (or R n ) is then assumed to be {(U j ) n , (ψ j , . . . , ψ j )}, the so-called 'n-th power structure'. 1 This assumption is, in our opinion, quite natural. For instance, it ensures that the maps R → R 2 , given by x → (x, x) and x → (x, c) are smooth, where c is any constant. Throughout the text, π i will denote the projection on the i-th coordinate of L n or R n .
Definition 1.2. We call an embedding from
Since R is a manifold with boundary, we have to be more careful with the definition of equivalent (R n , R)-knots. One possibility is to consider only embeddings of R in the interior of R n . Here is another way to state the same equivalence relation: 
Tools
Let us begin by recalling the following well-known lemma; the proof of the corresponding statement for ordinals can be found in any book on set theory. 
This is a consequence of the following claims:
Indeed, these two claims together with Lemma 2.1 imply that the set E =
K} is closed and cofinal. We then define by transfinite induction x α ∈ E for each α < ω 1 as follows. Set x 0 = 0, x α+1 = min(E ∩[x α +1, ω 1 [), and x β = sup α<β x α if β is a limit ordinal. (Recall that for any limit ordinal β < ω 1 , there is a sequence {α i } i<ω , with α i < β, such that lim i→∞ α i = β. Therefore, x β = lim i→∞ x αi belongs to E.)
Proof of Claim A:
Closeness is obvious (recall that a sequentially closed subset of R is closed). Given z in R, one can choose a sequence {x j } j<ω such that z < x j ≤ x j+1 and sup [0,xj ] f k ≤ x j+1 . The sequence converges to a point x > z, and x ∈ A k .
Proof of Claim B:
Again, closeness is obvious. Fix z in R; for any x ∈ R, there is a y ∈ R with y ≥ x such that
Otherwise, the set of y such that f k (y) < x is cofinal and closed; by cofinality of f k , so is the set of y
The sequences x j , y j converge to the same point x > z, which belongs to B k .
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be a cover of R with x α < x β if α < β and x β = sup α<β x α if β is a limit ordinal, and let S α be the cube
Then, for all 0 < α < ω 1 , there are closed subsets B α of R n , diffeomorphic to a compact ball in R n , such that
Proof: Let β be a limit ordinal or 1. Consider ψ β : U β → R the smallest chart such that U β ⊃ [0, x β+ω ] (such a chart always exists), and ψ β = (ψ β , . . . , ψ β ) : (U β ) n → R n , which belongs to the atlas of R n . Clearly, ψ β (S α ) is a cube in R n for any α < β + ω. We can therefore form ellipsoids B ′ α for β ≤ α < β + ω as in Figure 1 , and define
Lemma 2.4. Let f : R → R n be continuous, with π i • f bounded for i = 1, . . . , s (s < n) and cofinal for i = s + 1, . . . , n. Then, there exists a cover Figure 2 ):
Proof: By Lemma 2.2 a), there is some z ∈ R such that π i • f is constant on [z, ω 1 [ for i = 1, . . . , s. Set c i = π i •f (z) and c = (c 1 , . . . , c s ). For i = s+1, . . . , n, take the cover P for the family {π i • f } i=s+1,...,n with x 1 > z given by Lemma 2.2 b). By construction, the cover P = {I α } α<ω1 , with I α = [x α , x α+1 ], satisfies
α which is diffeomorphic to the compact ball in R n , that has the desired boundary properties (see Figure 3) . 
Classification of long knots
We are now ready to present our main results.
Definition 3.1. The direction of a continuous function
T , where
follows:
Theorem 3.2. The direction is an invariant of (R
Proof: Let f, g : R → R n be two continuous embeddings with D(f ) = D(g). Without loss of generality, it may be assumed that π 1 • f is bounded and π 1 • g cofinal. Then, f and g are not equivalent. Indeed, consider an isotopy φ t of (R ′ ) n such that φ 0 = id and
• f is bounded, it follows from Lemma 2.2 a) that π 1 • f is homotopic to a constant. On the other hand, Lemma 2.2 b) implies that π 1 • g is homotopic to the canonical inclusion R ⊂ R ′ . Therefore, we would have a homotopy from a constant map to the inclusion R ⊂ R ′ . Since this inclusion is a homotopy equivalence, and since R is not contractible (see e.g. [2] ), such an homotopy does not exist. The proof for (L n , L)-knots is very similar. 2 
Extending it by the identity outside D 0 , we have an ambient isotopy between Imf and {c 1 } × R. It is now straightforward to define an isotopy between {c 1 } × R and {0} × R = Imf ( 1 0 ) . Therefore, we can assume that Imf = Imf (
In that case, π 1 • f is an homeomorphism of R. By [2, Corollary 2], there is an isotopy γ t of R (keeping 0 fixed) such that γ 0 = id R and γ 1 = π 1 • f . Then, the isotopy φ t of (R ′ ) 2 given by φ t (x, y) = (γ t (x), y) if x ∈ R and φ t (x, y) = (x, y) otherwise satisfies φ 0 = id and
The direction is almost a complete invariant for (L 2 , L)-knots. It fails to be complete only because some directions correspond to exactly two non-equivalent knots. This phenomenon also appears in dimension n ≥ 2, motivating the following definition. 
implies that {y ∈ L − | f (y) = (−y, −y)} is closed and cofinal. By Lemma 2.1 again, the set {z ∈ L + | f (z) = (z, z) = f (−z)} is cofinal, so f is not an embedding. The other three cases are similar.) So, we are left with (9 − 1) 2 − 4 = 60 possible directions for an (L 2 , L)-knot. It is easy to exhibit a knot realizing each of these directions.
As in Theorem 3.3, one shows that two knots with the same direction D are equivalent, except if D is a double direction. To each double direction correspond exactly two classes of knots, as we shall see. Since there are four double directions, namely
the theorem follows. Let D be the first of these directions, and let f : L → L 2 be an embedding with f (x) = (x, 1) for x ≥ 1 and f (x) = (−x, −1) for x ≤ −1 (as usual, we denote by −x the point in L − corresponding to x ∈ L + , and vice versa). Finally, let g : L → L 2 be the knot given by g(
-knot with direction D is equivalent to either f or g. It remains to check that f and g are non-equivalent. Indeed, let φ t be an isotopy between f and g, i.e. φ 0 = id and
is a single point for x large enough. Let us denote it by r + (t), and similarly, let r − (t) be the element defined by
One checks that r + and r − are continuous. Since r + (0) = r − (1) = 1 and r + (1) = r − (0) = −1, there is some t 0 for which r + (t 0 ) = r − (t 0 ). Then, φ t0 • f is not an embedding. The other double directions are similarly treated.
2 the proposition on the same page, the set
is cofinal in W (ω 1 ). (The proposition is stated for ω-bounded 2-surfaces, but its proof shows that it also holds for R n and L n .) Take \U α ) . For all t, φ t | : U α \U α → U α \U α is a homeomorphism isotopic (rel {P 1 , P 2 }) to the identity. Therefore, φ t | can be extended to a homeomorphism φ t : B → B, where B is a compact ball containing U α , with φ t keeping ∂B fixed. Extending φ t with the identity on S 3 \B, we get an isotopy between k and k ′ . 2
